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Abstract
In this article we give a new criterion for the existence of a bounded base for a cone P of a normed
space X. Also, if P is closed, we give a partial answer to the problem: is 0 a point of continuity of P
if and only if 0 is a denting point of P ? The above problems have applications in the theory of Pareto
efficient points.
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1. Introduction
In this article we study the geometry of cones of normed spaces and we apply these
results in the theory of vector optimization. Specifically we suppose that P is a cone of a
normed space X and we study the existence of a bounded base for P , the 0-Schur property
and the geometry of 0 (point of continuity, denting point) whenever it is an extreme point
of P . It is known that the existence of a bounded base for P which is defined (the base) by
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dual cone P 0 of P . In this article we prove that the existence of such a base for the cone
P is equivalent to cone P having both the 0-Schur property (P has the 0-Schur property if
each weakly convergent to zero sequence of P is also norm convergent) and the existence
of quasi-interior positive elements in X∗. Therefore the existence of a bounded base for P
is decomposed in two important properties of ordered spaces: the 0-Schur property and the
existence of quasi-interior positive elements in the dual space of X.
The existence of a closed, bounded base for a cone is important in the theory of vector
optimization. In [6] the notion of the super-efficient point of a subset is introduced by
Borwein and Zhuang and many important results are proved in the case where the ordering
cone has a bounded base. Also in [10] the notion of the nuclear cone (this type of cone is
a generalization of a cone with a bounded base) in locally convex spaces is introduced by
G. Isac and problems of vector optimization in connection with these cones are studied.
Therefore our new criterion for the existence of a bounded base for a cone has applications
in the theory of Pareto optimization.
Another property of cones which is important in this theory is the geometry of 0 (point
of continuity, denting point) whenever it is an extreme point of P . Specifically in [7, The-
orem 3.1], it is proved by X.H. Gong that if x0 is an efficient point of a weakly compact,
convex subset A of X and at least one of the following conditions is satisfied:
(i) 0 /∈ P \ B(0, ρ)w , for any ρ ∈ (0,1), where B(0, ρ) is the open ball of X of center 0
and radius ρ,
(ii) 0 is a denting point of P ,
(iii) x0 is a denting point of A,
then x0 belongs to the closure of the set of positive proper efficient points of A.
Recall that (ii) is equivalent to the existence of a closed, bounded base for the cone P
defined (the base) by a continuous linear functional and that (i) holds if and only if 0 is a
point of continuity of P . In p. 624 of [7], X.H. Gong remarks that in reflexive spaces (i)
and (ii) are equivalent and he questions if these conditions are equivalent in normed spaces.
In [12] it is proved by P.K. Lin, B.L. Lin and S.L. Troyanski that a point x0 of a convex,
closed bounded subset K of a Banach space X is a denting point of K if and only if x0 is
a point of continuity of K and also x0 is an extreme point of K . Therefore by this result
it follows easily that in Banach spaces (i) and (ii) are equivalent, i.e., 0 is a denting point
of a closed cone P of a Banach space if and only if 0 is a point of continuity of P . In this
article we give a partial answer to the above problem. Specifically we show, Theorem 4,
that if P is a cone of a normed space X and the dual cone P 0 of P has quasi-interior points
then 0 is a point of continuity of P if and only if 0 is a denting point of P . Note that in the
above result we prove the equivalence without the assumption that the cone P is closed.
Therefore if X is a Banach space and P 0 has quasi-interior points our result generates the
existing result in [12] (for cones) because it shows the equivalence without the assumption
that the cone P is closed. Finally note that cones with the 0-Schur property have been
studied in [2,9].
Let X be a normed space. Denote by X∗ the norm dual of X and by R+ the set of
positive real numbers λ 0. A nonempty, convex subset P of X is a cone if λP ⊆ P for
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the space X is ordered by the cone P . Then X∗ is ordered by the dual cone P 0 = {x∗ ∈
X∗ | x∗(x) 0 for each x ∈ P } of P . A linear functional f of X is positive if f (x) 0 for
each x ∈ P , strictly positive if f (x) > 0 for each x ∈ P , x = 0 and uniformly monotonic
if f (x)  a‖x‖, for each x ∈ P , where a is a constant real number, a > 0. The cone
P is normal if a real number a exists such that for each x, y ∈ P , 0  x  y implies
‖x‖  a‖y‖ or equivalently, the set (U + P) ∩ (U − P), where U is the closed unit ball
of X, is bounded. A convex subset B of P is a base for the cone P if a strictly positive,
linear functional f of X exists such that, B = {x ∈ P | f (x) = 1}. Then we say that the
base B is defined by the functional f . If B is a base for the cone P then P is pointed. An
element x of P is a quasi-interior point of X (or a quasi-interior positive element of X)
if the solid subspace Ix = ⋃n∈N[−nx,nx], of X generated by x is dense in X, where[−nx,nx] is the order interval {y ∈ X | −nx  y  nx}. If Ix = X, then x is an order unit
of X. Each interior point of P is an order unit of P , and if X is a Banach space and the
cone P is closed, the converse is also true. For ordered spaces and cones we refer to the
books [1,11].
Suppose that K is a convex subset of a normed space X. The set K is dentable if for
each real number ε > 0 there exists a point xε of K which does not belong to the closure
of the convex hull of the set {x ∈ K | ‖x − xε‖ ε}. Suppose that x0 ∈ K . The point x0 is
a denting point of K if for each real number ε > 0, x0 does not belong to the closure of
the convex hull of the set {x ∈ K | ‖x − x0‖ ε}, i.e., x0 /∈ co{x ∈ K | ‖x − x0‖ ε}. x0 is
a point of continuity of K if the identity map (K , weak) → (K,‖.‖) is continuous at x0,
where (K , weak) and (K,‖ · ‖) is the set K equipped with the induced weak-topology and
the induced norm-topology, respectively. Each denting point of K is a point of continuity
of K .
2. Existence of bounded bases
Suppose that X,Y are ordered normed spaces and 〈X,Y 〉 is a dual system. If
X+ =
{
x ∈ X | 〈x, y〉 0 for each y ∈ Y+
}
and
Y+ =
{
y ∈ Y | 〈x, y〉 0 for each x ∈ X+
}
,
then we will say that 〈X,Y 〉 is an ordered dual system. Note also that the cones X+ and
Y+ are not necessarily pointed.
Let 〈X,Y 〉 be a dual system, where X,Y are normed spaces and K ⊆ X. Denote by K ,
Kσ(X,Y ), the closure of K in the norm, σ(X,Y )-topology of X, respectively. Also denote
by coK the convex hull of K , and by coK , coσ(X,Y ) K the closed convex hull of K in the
norm, σ(X,Y )-topology of X, respectively. For any convex subset K of X and for each
ρ ∈R+ we will denote by Kρ , KS,ρ the following subsets of K
Kρ =
{
x ∈ K | ‖x‖ ρ}, KS,ρ = {x ∈ K | ‖x‖ = ρ},
whenever these sets are nonempty. Also for simplicity instead of 〈x, y〉 we will write y(x).
C. Kountzakis, I.A. Polyrakis / J. Math. Anal. Appl. 320 (2006) 340–351 343Lemma 1. Let 〈X,Y 〉 be an ordered dual system where X,Y are ordered normed spaces
and let K be a norm-unbounded, convex subset of the positive cone X+ of X. If the set
of quasi-interior positive elements of Y is nonempty, then the following statements are
equivalent:
(i) Kρ ⊆ KS,ρσ(X,Y ), for each ρ ∈R+,
(ii) Kρ ⊆ coσ(X,Y ) KS,ρ , for each ρ ∈R+,
(iii) for each x ∈ K and for each ρ > ‖x‖, there exists a sequence {xν} of KS,ρ which
converges to x in the σ(X,Y )-topology.
Proof. It is clear that (i) implies (ii). Suppose that statement (ii) is true, therefore Kρ ⊆
coσ(X,Y ) KS,ρ for each ρ. Let x0 ∈ K . We shall show that for each ρ > ‖x0‖, a sequence
{xν} of KS,ρ exists which converges to x0 in the σ(X,Y )-topology.
Let g be a quasi-interior point of Y . At first we shall show that a real number a > 0 and
a sequence yν ∈ KS,ν exist such that
g(yν) a, for each ν. (1)
If g(x) g(x0), for each x ∈ K , then statement (1) is true for a = g(x0) and any sequence
yν ∈ KS,ν . If not, then there exists y0 ∈ K with g(y0) > g(x0). Let
F = {x ∈ K | g(x) = g(y0)}.
If g(x) g(y0) for each x ∈ K , then statement (1) is also true for the sequence {yν} and
a = g(y0). If not then g(y) > g(y0) for at least one y ∈ K . If we assume that F is norm-
unbounded, then for each ν there exists yν ∈ F with ‖yν‖ = ν, therefore our assertion is
true for a = g(y0). So we suppose that the set F is norm-bounded. If we assume that for
each ρ there exists xρ ∈ KS,ρ with g(xρ)  g(y0), then (1) holds for a = g(y0). If not
then there exists a real number d > 0 such that g(x) > g(y0), for each x ∈ KS,d , hence we
have that g(x0) < g(y0) < g(x), for each x ∈ KS,d . This implies that x0 /∈ coσ(X,Y ) KS,d
because g separates KS,d and x0. This contradicts statement (ii). Hence in the case where
F is bounded statement (1) is also true. Therefore (1) is true. Suppose that ρ is fixed
with ρ > ‖x0‖. For each ν  ρ the line segment x0yν intersects the set KS,ρ at a point
xν = λνx0 + (1 − λν)yν, where λν ∈ (0,1).
Then ρ = ‖xν‖ |λν‖x0‖ − (1 − λν)ν|. If λν‖x0‖ − (1 − λν)ν  0, then λν  ν‖x0‖+ν
and if λν‖x0‖ − (1 − λν)ν < 0, we have that ρ  −λν‖x0‖ + (1 − λν)ν, therefore λν 
ν−ρ
‖x0‖+ν . By the above remarks we have that
λν 
ν − ρ
‖x0‖ + ν , for each ν.
Also we have that limν→∞ λν = 1. We shall show that the sequence {xν} of KS,ρ con-
verges to x0 in the σ(X,Y )-topology.
Let f ∈ Y and ε > 0. Since g is a quasi-interior point of Y , there exists n0 ∈ N and
h ∈ Y with −n0g  h n0g and ‖f − h‖ < ε. So we have that∣∣h(yν)∣∣ n0g(yν) n0a, for each ν,
because yν ∈ F ⊆ P . Also∣∣f (yν) − h(yν)∣∣ ε‖yν‖ = εν, for each ν.
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0 (1 − λν)
∣∣f (yν)∣∣ (1 − λν)(∣∣f (yν) − h(yν)∣∣+ ∣∣h(yν)∣∣)
 (1 − λν)(εν + n0a) ‖x0‖ + ρ
ν + ‖x0‖ (εν + n0a).
This shows that limν→∞(1 − λν)f (yν) = 0 and therefore
lim
ν→∞f (xν) = limν→∞λνf (x0) = f (x0).
So the sequence {xν} of KS,ρ converges to x0 in the σ(X,Y )-topology, therefore statement
(ii) implies (iii). Also it is clear that statement (iii) implies (i), therefore the lemma is
true. 
Proposition 2. Let X be a normed space ordered by the cone P . Then
(i) 0 is a denting point of P if and only if 0 is a denting point of Pρ for some real number
ρ > 0,
(ii) 0 is a point of continuity of P if and only if 0 is a point of continuity of Pρ for some
real number ρ > 0,
(iii) 0 is a point of continuity of P if and only if 0 /∈ PS,ρw for some real number ρ > 0, or
equivalently 0 /∈ PS,ρw for any real number ρ > 0.
Proof. Statements (i) and (ii) are obvious because P is a cone. For the same reason we
have that 0 /∈ PS,ρw for any real number ρ > 0 if and only if this true for at least one
ρ > 0. For the proof of (iii), suppose that 0 is a point of continuity of P and that ρ > 0.
Then there exist a weak neighborhood V of 0 in P so that V ⊆ B(0, ρ). Suppose that
0 ∈ P \ B(0, ρ)w . Then there exists a net xa of P \ B(0, ρ) which converges weakly to
zero, therefore xa ∈ V for any a  a0, a contradiction because V ⊆ B(0, ρ). Hence 0 /∈
P \ B(0, ρ)w , therefore 0 /∈ PS,ρw . For the converse suppose that 0 /∈ PS,ρw for any ρ > 0.
Then 0 /∈ P \ B(0, ρ)w for any ρ > 0 because P is a cone. If we suppose that 0 is not a
point of continuity of P , there exists a real number δ > 0 so that for any weak neighborhood
V of 0 in P the exists xV ∈ V \ B(0, δ). Then the net xV converges weakly to zero, a
contradiction because we have supposed that for any ρ > 0, 0 /∈ P \ B(0, ρ)w , hence the
converse is also true. 
Recall that a cone P of X has a bounded base B with 0 /∈ B if and only if the dual cone
P 0 of P has interior points, [11, Theorem 3.8.4]. Also we refer the following result for the
geometry of cones.
Proposition 3. If X is a normed space ordered by the cone P , statements (i) and (ii) are
equivalent and if X is a Banach space ordered by the closed cone P , all the following
statements are equivalent:
(i) P has a bounded base B with 0 /∈ B ,
(ii) 0 is a denting point of P ,
(iii) 0 is a point of continuity of P .
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or [7] and the equivalence of (ii) and (iii) in Banach spaces follows easily by [12]. For the
sake of completeness we give an easy proof for the equivalence of (i) and (ii). So if we
suppose that (i) is true, there exists a linear functional f of X which separates 0 and B ,
therefore there exists a real number a such that 0 < a  f (x) for any x ∈ B . So f is strictly
positive on P . Suppose that x ∈ P with f (x) = a. Since B is a base for P , there exists
a real number λ > 0 so that λx ∈ B . Then f (λx)  a, therefore λ  1, hence ‖x‖ M
for some real number M because the set B is bounded. Hence the set {x ∈ P | f (x) = a}
is bounded, therefore f defines a bounded base K for P . So we may suppose that K is
contained in the open ball B(0, ρ) of center zero and radius ρ, therefore f separates 0 and
P \ B(0, ρ). Hence 0 /∈ co(P \ B(0, ρ)) and this holds for any ρ > 0 because P is a cone,
therefore 0 is a denting point of P . If we suppose now that (ii) is true, there exists f ∈ X∗
separating 0 and co(P \ B(0, ρ)) for some ρ > 0 and it is easy to show that f defines a
bounded base B for P with 0 /∈ B .
The next theorem gives a partial answer to the problem posed by X.H. Gong in [7]
if in normed spaces 0 is a denting point of a closed cone P if and only if it is a point
of continuity of P . We prove this equivalence without the assumption that the cone P
is closed. Therefore if X is a Banach space and X∗ has quasi-interior points our result
generates the above one because we show the equivalence of (ii) and (iii) without the
assumption that the cone P is closed.
Theorem 4. Let X be a normed space ordered by the cone P . If the set of quasi-interior
positive elements of X∗ is nonempty, then 0 is a denting point of P if and only if 0 is a
point continuity of P .
Proof. Only the proof of the converse is needed. So we suppose that 0 is a point of con-
tinuity of P . Then 0 /∈ PS,ρw , for each ρ > 0. If we suppose that 0 is not a denting point
of P , then we have that 0 ∈ co{x ∈ P | ‖x‖ ρ} for at least one ρ. Also we can show that
0 ∈ coPS,ρ , because P is a cone, and for the same reason we have also that 0 ∈ coPS,ρ
for each ρ > 0. Since P is a cone we have again that Pρ ⊆ coPS,ρ for each ρ. Moreover
cow PS,ρ = coPS,ρ , because in normed spaces, convex sets have the same closure in the
weak and in the norm topology. So by the previous lemma we have that for each constant
real number ρ > 0 a sequence {xn} of PS,ρ exists which converges weakly to zero, there-
fore 0 ∈ PS,ρw , a contradiction. Therefore 0 is a denting point of P and the theorem is
true. 
Problem 5. Suppose that X is a normed space ordered by the cone P . If 0 is a point of
continuity of P then does X∗ have quasi-interior positive elements?
A positive answer to the problem implies that in normed spaces 0 is a point of continuity
of a cone P if and only if 0 is a denting point of P .
Recall that the existence of quasi-interior positive elements is a common property of
ordered spaces. Specifically if X is a separable Banach space and the positive cone P of X
is almost generating, i.e., P–P is dense in X, then X has quasi-interior positive elements.
Indeed if {xn} is a dense sequence of P , then x =∑∞ xnn , is a quasi-interior point ofn=1 2 ‖xn‖
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0  xkn  ‖xkn‖2knx, for each n, therefore the subspace P–P is contained in the closure
of Ix , hence Ix is dense in X.
Also if the dual X∗ of a normed space X is separable and the positive cone P of X
is normal, then X∗ has quasi-interior positive elements because the dual cone P 0 of P is
generating, [11, Theorem 3.4.8].
Proposition 6. Suppose that B is a base for P defined by the functional f . Then the base
B is bounded if and only if the functional f is uniformly monotonic.
Proof. If we suppose that ‖x‖M for each x ∈ B , then for each x ∈ P , x = 0 we have
‖ x
f (x)
‖ M , therefore ‖x‖ Mf (x) for each x ∈ P , hence f is uniformly monotonic.
For the converse suppose that f (x) a‖x‖ for each x ∈ P . Then for each x ∈ B we have
1 = f (x) a‖x‖, therefore the base B is bounded. 
A normed space X has the Schur property if each weakly convergent sequence of X is
norm convergent. The most common example of a Banach space with the Schur property
is the space 1 of absolutely summing real sequences x = {xi} with norm ‖x‖ =∑∞i=1 |xi |.
Definition 7. A cone P of a normed space X has the 0-Schur property (or the Schur
property, according to [9]) if each weakly convergent to zero sequence of P is also norm
convergent.
If a cone P has the 0-Schur property and {xn} is a sequence of P then the assumption
that {xn} is weakly convergent to a point x0 ∈ P , does not imply (at least automatically)
that it is also norm convergent to x0 because the sequence {xn − x0} is weakly convergent
to 0 but it is not ensured that this is a sequence of P .
Cones of locally convex spaces with the 0-Schur property have been studied by Isac
in [9] and by Bahya and Oudadess in [2]. In these articles the notion of the 0-Schur property
for cones is defined and these cones are referred to as “cones with the Schur property.”
We use here the alternative term “cones with the 0-Schur property” because it expresses
exactly the geometry of these cones. In [2,9], cones with the Schur property and conically
bounded sets are studied and a characterization of cones in locally convex spaces with the
Schur property in terms of conically bounded sets [2, Proposition 3.3] is given. In the case
of normed spaces this result of [2] proves that a cone P of a normed space X has the Schur
property if and only if P has the property: if D is a subset of P so that the intersection of
D with each cone K of X which has a bounded base defined (the base) by an element of
X∗ is bounded, then the set D is bounded. Our results are to another direction. Also in our
proofs we use only the definition of the 0-Schur property. The next result, except the part
that the converse is not true, is given in [9] for nuclear cones. Its proof is obvious but it is
important for this article because as we prove later, the 0-Schur property is one of the two
conditions in which the existence of a bounded base for a cone is decomposed.
Proposition 8. If a cone P of a normed space X has a bounded base defined by a contin-
uous linear functional of X, then P has the 0-Schur property.
The converse is not always true.
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functional f of X. Then f is uniformly monotonic therefore f (x) a‖x‖ for each x ∈ P ,
where a > 0 is a constant real number. If we suppose that the sequence {xn} of P is weakly
convergent to 0, then f (xn)  a‖xn‖, therefore the sequence {xn} is norm-convergent to
zero, hence P has the 0-Schur property.
Example 11 below is an example of an ordered Banach space X with the Schur property
whose positive cone does not have a bounded base. Therefore the converse is not always
true. 
Proposition 9. Let X be a normed space ordered by the cone P . If 0 is a point of continuity
of P then P has the 0-Schur property. The converse is not always true.
Proof. Let 0 be a point of continuity of P and suppose that {xn} is a sequence of P
which converges weakly to zero. Suppose that {xn} does not converges in norm to zero.
Then ‖xkn‖ δ for some real number δ > 0 and for some subsequence {xkn} of {xn}. For
simplicity we denote again the subsequence by {xn}. Then {δ xn‖xn‖ } is a sequence of PS,δ
which converges weakly to zero. This implies that for each ρ > 0, {ρ xn‖xn‖ } is a sequence
of PS,ρ which converges weakly to zero, therefore 0 ∈ PS,ρw for any ρ > 0, which is a
contradiction because we have assumed that 0 is a point of continuity of P . Hence {xn}
converges to zero in norm and the cone P has the 0-Schur property. In Example 11 the
positive cone X+ of X has the 0-Schur property but 0 is not a point of continuity of X+.
Therefore the converse is not always true. 
Theorem 10. If X is a normed space ordered by the cone P , the following statements are
equivalent:
(i) the cone P has a bounded base which is defined by a continuous linear functional
of X,
(ii) the cone P has the 0-Schur property and the set of quasi-interior positive elements of
X∗ is nonempty.
Proof. Suppose that statement (i) is true. Then by Proposition 8, the cone P has the 0-
Schur property. Also the dual cone P 0 of P has interior points, therefore the dual space
X∗ has quasi-interior positive elements. Hence statement (i) implies (ii).
For the converse suppose that statement (ii) is true. We shall show that 0 is a denting
point of P . So we suppose that 0 ∈ coPS,ρ for some real number ρ > 0. Then it is easy
to show that Pρ ⊆ coPS,ρ for each real number ρ > 0, therefore by Lemma 1, there exists
a sequence {xn} of P with ‖xn‖ = ρ for each n, which converges weakly to 0. Then the
sequence {xn} converges also to 0 in the norm topology of X, which is a contradiction
because we have assumed that ‖xn‖ = ρ for each n. So we have that 0 /∈ coPS,ρ for at
least one ρ > 0 and also for any ρ > 0 because P is a cone. So we have that 0 is a denting
point of P , therefore P has a bounded base defined by a continuous linear functional. 
The following is an example of an ordered Banach space X with the Schur property
whose dual X∗ does not have quasi-interior positive elements. Therefore the cone X+
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existence of such a base for X+ is equivalent with the existence of interior points in X∗+.
Also by Proposition 3, we have that 0 is not a point of continuity of X+.
Example 11. Suppose that X = (∏∞n=1(Rn)∞)1. Then X∗ = (∏∞n=1(Rn)1)∞ is the dual
of X. Also we remark that X is the dual of (
∏∞
n=1(Rn)1)0.
Similarly with the case of 1, we can show that X has the Schur property as follows:
We suppose that X does not have the Schur property. Then there exists a sequence xn =
(xn1 , x
n
2 , . . . , x
n
k , . . .) of X where
xnk =
(
xnk (1), x
n
k (2), . . . , x
n
k (k)
) ∈Rk,
which converges weakly to zero with ‖xn‖ = 1 for each n. Then limn→∞ xnk (i) = 0, for
each k and each 1  i  k. So there exist sequences k1 < k2 < · · · < kr < · · · and n1 <
n2 < · · · < nr < · · · of N with k1 = n1 = 1 such that∑
krk<kr+1
∥∥xnrk ∥∥∞ > 45 .
Let inr k ∈ {1,2, . . . , k} with |xnrk (inr k)| = ‖xnrk ‖∞ and suppose that f = (f 1, f 2, . . . ,
f k, . . .) ∈ X∗, where f k = (f k(1), f k(2), . . . , f k(k)) such that for each kr  k < kr+1 we
have:
f k(i) = 0 if i = inr k and f k(inr k) = sign
(
x
nr
k (inr k)
)
1.
Then for each r > 1 we have
f
(
xnr
)= kr−1∑
k=1
f k
(
x
nr
k
)+ kr+1−1∑
kr
f k
(
x
nr
k
)+ ∞∑
kr+1
f k
(
x
nr
k
)
−
kr−1∑
k=1
∥∥xnrk ∥∥∞ +
kr+1−1∑
kr
∥∥xnrk ∥∥∞ −
∞∑
kr+1
∥∥xnrk ∥∥∞  35 .
This is a contradiction, therefore X has the Schur property.
We shall show now that X∗ does not have quasi-interior points. So we suppose that
g = (g1, g2, . . . , gk, . . .),
where gk = (gk(1), gk(2), . . . , gk(k)) ∈ Rk is a quasi-interior positive element of X∗ with
‖g‖ = 1. Since g(x) > 0 for each x ∈ X+, x = 0, we have that gk(i) > 0 for each k and
each i. Also
sup
{
k∑
i=1
∣∣gk(i)∣∣ ∣∣∣ k = 1,2, . . .
}
= 1,
therefore
∑k
i=1 |gk(i)|  1, hence for each k there exists ik ∈ {1,2, . . . , k} with gk(ik) 
1/k. Let h = (h1, h2, . . . , hk, . . .) ∈ X∗+ with hk(ik) = 1 and hk(i) = 0, for each i = ik . Let
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for each k sufficiently large, therefore limk→∞ ‖hk −wk‖1  1, hence ‖h−w‖ 1. There-
fore the sequence {h ∧ ng} cannot be convergent to h. This is a contradiction because we
have assumed that g is a quasi-interior point of X∗. Hence X∗ does not have quasi-interior
points.
3. Applications to the Pareto efficient points
Let X be a normed space, P is a cone of X, C is a subset of X and x0 ∈ C. x0 is a Pareto
efficient point or an efficient point of C (with respect to the cone P ) if (C −x0)∩ (−P) =
{0}, and x0 is a positive proper efficient point of C (with respect to the cone P ) if a strictly
positive, continuous linear functional exists such that f (x) f (x0) for each x ∈ C. x0 is
a Henig’s proper efficient point of C if x0 is an efficient point of C with respect to some
cone K of X which contains P and any nonzero point of P is an interior point of K .
Also, we say that x0 is a proper efficient point of C (with respect to the cone P ) if
[cone(C − x0)] ∩ (−P) = {0}, where cone(C − x0) is the closure of the set {λ(x − x0) |
x ∈ C, λ ∈ R+}. The point x0 of C is a super-efficient point of C (with respect to the
cone P ) if a real number a > 0 exists such that [cone(C − x0)] ∩ (U −P) ⊆ aU, where U
is the closed unit ball of X. Denote by E(C,P ), PosE(C,P ), ProE(C,P ), PE(C,P ) and
SE(C,P ), the set of efficient, positive proper efficient, Henig’s proper efficient, proper
efficient and super-efficient points of C with respect to the cone P , respectively. These
sets are subsets of E(C,P ). We have SE(C,P ) ⊆ PosE(C,P ), whenever the cone P is
normal and the set C is convex [6, Corollary 2.3]. Also we have SE(C,P ) ⊆ PE(C,P ),
[6, Proposition 3.1], and SE(C,P ) ⊆ ProE(C,P ), if P has a closed base [6, Proposi-
tion 3.3]. For a further study of this subject and also for the importance of the existence
of a bounded base for the ordering cone in the theory of vector optimization we refer to
[3–8,10,13].
As we have noted in the introduction, the notion of the super-efficient point is defined
in [6] and many important results are proved in the case where the cone has a bounded
base. We select the following.
If X is a normed space ordered by the closed cone P and the cone P has a bounded base
B with 0 /∈ B , then each weakly compact subset of X has super-efficient points (Proposi-
tion 2.4).
Suppose that X is a Banach space ordered by the cone P and suppose that P has a
closed, bounded base B . Then
(i) any closed and bounded subset of X has super-efficient points (Theorem 2.7), and
(ii) for any weakly compact subset C of X, the set of super-efficient points of C is norm-
dense in the set of efficient points of C (Theorem 4.2).
Note that the existence of a bounded base B for P with 0 /∈ B is equivalent with the
existence of a bounded base for P which is defined by a continuous linear functional of X.
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some continuous linear functional f of X and it is easy to show that f is strictly positive
on P . Suppose that x ∈ D = {x ∈ P | f (x) = a}. Since B is a base for P , there exists a real
number λ > 0 so that λx ∈ B . Then f (λx) a, therefore λ 1, hence ‖x‖ ‖λx‖M
where M is a norm bound of B . So D is bounded, therefore f defines a bounded base
for P . The converse is obvious because if we suppose that B is a bounded base for P
defined by a continuous linear functional f of X we have that 0 /∈ B .
So by using our criterion for the existence of a bounded base for P we can restate the
above results of Borwein and Zhuang with our new assumptions for the existence of a
bounded base for the cone P .
Theorem 12. Let X be a normed space ordered by the cone P and let the set of quasi-
interior points of X∗ be nonempty. If the cone P has the 0-Schur property, then each
weakly compact subset of X has super-efficient points.
Theorem 13. Let X be a Banach space ordered by the closed cone P and suppose that the
set of quasi-interior positive elements of X∗ is nonempty. If the cone P has the 0-Schur
property, then
(i) each closed and bounded subset of X has super-efficient points, and
(ii) for each weakly compact subset C of X, the set of super-efficient points of C is norm-
dense in the set of efficient points of C.
Remark 14. It is known (and it is easy to show) that the closed unit ball U of the space c0
of convergent to zero real sequences, does not have Pareto efficient points with respect the
cone c+0 of positive real sequences. Since 1 has quasi-interior positive elements, according
to the above theorem, the missing property for the existence of Pareto efficient points in U
is the 0-Schur property in c+0 .
In [7, Theorem 3.1], it is proved that if x0 is an efficient point of a weakly compact,
convex subset A of X and at least one of the following conditions
(i) 0 /∈ P \ B(0, ρ)w , for any ρ ∈ (0,1), where B(0, ρ) is the open ball of X of center 0
and radius ρ,
(ii) 0 is a denting point of P ,
(iii) x0 is a denting point of A,
is satisfied, then x0 belongs to the closure of the set of positive proper efficient points of A.
If we use our criterion for the existence of a bounded base for the cone P we arrive at
the next result.
Theorem 15. Let X be a normed space ordered by the closed cone P and suppose that P
has the 0-Schur property and the set of quasi-interior positive elements of X∗ is nonempty.
If x0 is an efficient point of a weakly compact, convex subset A of X, then x0 belongs to
the closure of the set of positive proper efficient points of A.
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